
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CarsonSlater Din5 32024 Final Exam

1 Given X knit Geometric p Thepmf is

f x p p i p X 1.2 O pal

Also EE t Vare I

a To find the method of momentsestimator Mom

for p p we can set the first population moment

EG equal to the first samplemoment Ma So then

I E x M I Xi

PT t where TIE Xi O

b To find
attentively

written as p
Maximum likelihood estimator ME for p

we derive the Likelihood function ply
p t ITF Alp TI pl p

pYi p
in

We can maximize lay L pls Lepke to find p
OdpLlp le Into.ptxeg11 p nloglipl

O o

htt



 

 

 

 

 

 

 

 

concavity

if p
I I I it

I I I i p D alonoseni Iggy

c wehave that y 1 31 11 p By Éi É
property of the MLE we know that the MLE

of Y is I p i p So then the MLE of

F I E O

d Gives properties of full exponential families
of the form

FKA h x ow
10 s

we know that Étht is a complete sufficient

statistic So we can show that a Geo p
distribution is an exponential family For
X Geo p multipliedby

wellchosen 1

flap Ina sk Ipexp e to 1 pl

nexte p exp thaw
where hix Iga alt e p Ip

t x X and a p log i p



So the Geo p is an exponential family

bfence Est x I Xi is a complete

sufficient statistic for p O

e A statistic TX Eiti is minimally suffice
for p if for eiery two sample points

I and y flip is constant as a function

flylp
of p if and only if TH T y So

FEI
pl p L p

n

l p THI
1 p

TK TLE

P l p Thi
n

l p
Tk

F alia

is constant as a function of p Ift Tat Tt

TE É x is a minimally sufficient complete

statistic

f Given sufficient statistic That for p and unbiased
estimator Wh For p the RaoBlackwellTheorem
States that estimator T EE IT is thep

UM VUE of p So consider What I And
then E WI EE EEE Ig I p
So we have that WE is unbiased and TG Xi
is sufficient for p By the Rao Blackwell
Theorem we have that



d T E I FIX t

Ep I I
Any function of a
sufficient statistic
is sufficient

EPH Pt EÉ
87 s p

e

I a l

where É ti't is the Unrue of p



2 Let X kn Gammatho 270 and 030 where

is the scale Given TH ÉXi is sufficient for
and the MLE of Q É É We considertesting

Ho 010 and Ha o O

a The likelihood ratio test first involvesfinding the

likelihood ratio test statistic X s We have

that e 21011
C Ek where 2011 T.info x e

to

21014.1 Tiago x
o

4 s It.im
no 1IY1 i I eatin

expExit 1 expfn.pt

So I I explainIt it if O É

1 if o É

The LRT is the test that rejects Ho for some

value O E c I 1 such that x Xk Ee

For this to be a sized test we need to

chooseconstant c such that c satisfies

PLACKE C x O



Likelihod Ratio Test Statistic for

 

 

Upper−Tailed Test on Scale Parameter of Gamma Distribution

Figure 1: Axes for graph of likelihood ratio test statistic for an upper-tailed test of the
gamma scale parameter.
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c The Karlin Rubin Theorem States thatgives a
sufficient statistic Tle whose sampling distribution

has monotone likelihood ratio the UMP level a test
is the that rejects Ho iff TA t such

that p TG to ex We are given that

Tx É Xi is a sufficient statistic for Q and since

every function of a sufficient
statistic is alsosufficient

we have that T.lt E E Gammafnn fu
is also sufficient and its samplingdistribution

is an exponential family and has monotone likelihood
ratio So by the Karlin Rubin theorem the test

that rejects Ho is In ko where k is chosen

to satisfy PCI KO L D

d A valid p value pie is such that for every 010
and every deco that P pets a ex So

for this test a valid p value is P E0.14
where K is the x upper tail quantile of the

gamma
Mn In under tho If 030 then

D EG K I PIE K Whichfollows the behavior

we are looking for



Power Function for Upper−Tailed

 

 

Test on Scale of Gamma Distribution

Figure 2: Axes for graph of the power function of the UMP upper-tailed test of the gamma
scale parameter.

5

e The power function is the probability
of rejecting

the null hypothesis Recall EnnGammamini

B o PIER PIE O.K

BC QE
OE

ti

Space

o o



f The l d uniformly most accurate NMA confidence interva

can befound by inverting the acceptance regionof the
Ump

level d test Here we know the acceptance region

A o I I G K

Inverting this into l x a confidence set we can write

that
CH a O I

where K is the a upper tail quantilefor the gamma Mn In
distribution So CH CEE O

g Consider for forming a Wald test let statistic

Tn Recall I is the MLE for Q andsince
a gamma population

is an exponential family

it satisfies regularity
conditions and is

asymptotically consistent and efficient
So

in Ei o IN o o

where 62 is the deltamethod variance of It
So

o IanVa E fi varlet 3,8 E
where M is known given

at beginning



Since Ern is unknown we must show that

Éy I l We can say this because

of the consistency of the
MLG of Q E Also

by the invariance property of the
MLE we then

have that Ep Em I t Now by
Slutsky's Theorem

FEE Nco

So under Ho a Wald Test statistic is

it Egg and the x levelWald testrejects H

if and only if it fifth Za where Zn

rs the upper tail a quantile of the standard

normal distribution

h The acceptance negron
of the Wald test is

ALF I EFF za

Inverting this yields the l a confidenceregion

o a O É I OAS.EEIent



3 Given Y Yn id Gamma 2 w where shaper o an

rate w O We impose a gammak B prior on w

a To find a w we consider that

T w
y

flaw w

m y

We know the joint pdf of y w is

flaw ftpEIHiYe
E.eiw

So then

Titty.la Fj Hip Inuit
wmata e

B li

wriiFiiia.lBt
yi wmata e

B li w y
Thnx

So why gammak N Bt Yi

b Under Bayes rule for absolute error loss the Bayes

estimator for w is the medianoftheposteriordistribute

which is thevalue whichsatisfies

Bigga wmata e
B li wdw I DJ Punta



c Under Bayes rule for squared error loss the Bayes
estimator for w is the mean of theposteriordistribute

which is ay Bt Yi O

d The Bayes test of Ho we w versus H w w

is the the test that accepts Ho if and

only if

pfwsw.lt E
Since the posterior is not symmetric about

its mean the test will accept if wolf
the population median

In thisproblem Os jet is what Iused for what a normally is

e I we know wlyngammak.mn B
t 1,7 Consider

the pivot 2W

BtÉy Xuan From here the shortest
l g credible set is

Mann t p EE Mann E
which can be rewritten as

2ham E

BtÉy
E W E 213mn I y

B Eiti
where Xan are respective quartilesfromtheXanadistribution



4 Given X Xz be iid with M Efi and Varg.to
where 62 co Consider

SE ni E Ki Fi TEE Xi

Chebyshev's inequality States that

P gaze
EGGD
E

By Chebycher's inequality we can write that

g Sn Si o l so

ez
Var S

P I Si 04 I E p Si op Ey EAsi077 E

takingthe himit as n at we get
In P 15 64 e Epi Vigil i

If frog Var Si 0 then i is the definition

of f convergingrn probability to o which

makes it a consistent estimation So to be

consistent dim Var Si O
no



5 Given W We be iid Bernoulli p draws where

p P Wiel O pal for each i t 2 Weknow

the maximum likelihood estimatorfor p pi h Wi

We have that

lin var in ftp.t.varlE.wi him Y o
nooo

I

g g n n n nnn g g g p

It n var in Ivar ÉWi pll p O

b i consider the odds Tlp I p From the

invariance property of theMLE we know

that the nice for the odds I T i
written as ne p If Ein

N ÉWe
ii For estimator p with function T p we have

that by the first order delta
method

Tn TI Elp R N 0,0 p

where o p It p Here T p i tpp then

p I Ipp So then

I n Tle T p N O uts 11 5 1s

which implies asymptotically InÉ pnÉ



c Consider testing Ho p p vs H p O We are

given the likelihood ratio test statistic

A In I if
Givenfrom
test

i The likelihood ratio test is the
test that rejects

Ho when Ali a c 2kg4 El 2loge

Consider that as no 2 loghttp ex

So choose c such that 2loge is the

X upper a level quantile area x fallsto

right of quantile

ii The finite sample is alwaysproffered since the

large sample is an approximation If the finite

sample test is computable it is the better
iii To find the score test we consider the score function

S p Ep.Lplay where Llp le is the log
likelihood function for the Bernoulli distribution
So

S p flog IFpil p of welogin n Ewi log 1 p

Y t I if



Also the Variance of the Score test is theFischer
information number since the Bernoulli p family can be

written as an exponential family

f w p pti p Ian a h w c e expTfwakp twirl

where New Inna Cle l T w X W p logE i p dog i p

So then In EGIL plat
EFF

E
É I n iiEw

i p I

f i Eff
pin y pit

The score statistic for It is it
S Po

III
so z tn nItitYH.pli

p

If 12,4 zag then the decision is to rejectH
That is the x level Score test



6 Given variables Yi are observed according to the model
Yog Ma T tEij i t r k I l u pi we have

that there are ktl parameters me ta

but only k means EE ELY This is an

overparameterized model Without loss of generality

suppose K 2 where the parameters of the

model are M T Tz Then the set

of parameters u t T 2 T l yield
the distribution EF 3 i

O if it 2
Consider the

parameter vector µ 2,7 5 7.2 21 Then the

distribution of ELY
3 if it
0 if i 2 also which

implies the treatment means model is not identifiable

Different parameters yield the same distributions



7 Considering the cell means Anouttmodel

Yi s O i Ei E l 2 k j l 2 no

where Eijid N O I where 62 a 0

a The classic Anovahypothesis is

Ho Q2 O K

versus

H At least one of the cell means is different
from all the other cell means

b Consider Ti Under the assumptions of Anova
then Yi it N Gino assuminghomosiedasticity

So then Fi is a linear combination of ni normal

random variables and so is normal as well

Again consider I VI is also implies Y is

a linear combination of normally drsbributed

É ni random variables So Ti T i l 2 ik is

furthermore also a linear combination of ne n

normal random variables and is also normally
distributed Consider then the sampling distribution

of Yi n Nt E Ee underHo and the sampling



distribution of Yi N 0,04 let I be an

unbiased estimator for 0 0 0 OrunderHo Then

by the central limit theorem Lij uncoil and

III N ai So consider

Msw

Block il É Yi t.lkMSB I
sswtoyn k.IE YijT1 n k

EiEEIilYk i
EE n.ie

where by Cochran's Theorem

ÉC F X E n'ni
and since we have the ratio of two

X random variables divided by their degrees

of freedom we have an Fa anydistributed
random variable where

MSB
MSW F l n K D


